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The process of forming sol-gel silica thin films involves multiple length and time
scales ranging from molecular to macroscopic, and it is challenging to fully model
because the polymerization is nonideal. A multiscale model is described to link macro-
scopic flow and drying (controlled by process parameters) to film microstructure
(which dictates the properties of the films). In this modeling strategy, dynamic Monte
Carlo (DMC) polymerization simulations are coupled to a continuum model of drying.
The entire DMC simulation is treated as a particle of sol whose position and composi-
tion are tracked using a diffusion/evaporation finite difference method. By simulating
swarms of particles starting from different positions in the film, the multiscale model
predicts different drying/gelation phenomena, and predicts the occurrence of gradients
of concentration and gelation in the films which can lead to the formation of a gel
skin near the top surface of the film. VVC 2010 American Institute of Chemical Engineers
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Introduction

Sol-gel silica films are of sustained and growing interest
as engineered materials for a variety of applications,1–3 e.g.,
sensor concentrators,4–10 optical materials,11–14 electrical
insulators,15 and solar energy applications.16 In sol-gel film
processing, a continuous liquid phase displaces air at the
substrate through a wetting process and undergoes a process
of drying and polycondensation to form a stable porous
film.17,18 Modeling silica curing in drying films is important
for understanding the development of microstructure in the
films and for overcoming challenges in controlling the thick-
ness, cracking, and homogeneity. Until now, most models of
sol-gel polymerization or drying polymer films have pro-
vided useful insights into the essence of the physical phe-
nomena, but they only focused on selected length and time

scales. For example, kinetic models of the gelation behavior of
silica polymerization have been developed using recursive sta-
tistical technique or Monte Carlo simulation.19–22 These mod-
eling approaches are necessary to link rates of polymerization
of individual monomers to molecular weight distributions and
gelation of branched polymers. On the other hand, drying has
been approached using continuum models and solved with an
integral approach,23 finite element method,24–26 or finite differ-
ence method.27–30 However, during the formation of sol-gel
coatings, both polymerization and drying occur simultane-
ously, so the process involves multiple length and time scales
ranging from molecular to macroscopic.

Multiscale modeling techniques have developed rapidly in
recent years due to both advances in computer processing
power and the recognition of the importance of treating mul-
tiple length scales in biological and materials systems.31,32

Unlike other processes where multiscale models have previ-
ously been applied, the sol-gel polycondensation occurs
throughout the thickness of the film where solvent transport
is occurring. Therefore, it is not possible to regard the
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polymerization reaction as occurring in a place spatially sepa-
rate from the place where the coating flow occurs, as has been
done for catalytic and thin film deposition processes.33–37 At
the molecular level, polymerization and (if surfactants are
added) self-assembly processes occur, which control the film
properties such as film microstructure. At the same time, the
formation of the film is controlled by macroscopic parameters.
Diffusion and mass transport occur over micron or greater
length scales, and define the concentration fields within which
polymerization and self-assembly occur. Therefore, we are
challenged in this process to develop a methodology to link
different length and time scales together throughout the entire
simulated domain.

Here we present a multiscale model, which captures the
evolution of both macroscopic and molecular phenomena
during the sol-gel silica film formation process. The process
of diffusion and mass transport can be adequately modeled
by treating the film as a continuum.38 The macroscopic con-
servation equations for mass are expressed by a set of partial
differential equations for species concentration with initial
and boundary conditions. Using the finite difference method,
the continuous domain is discretized and these PDEs are
solved numerically. However, at the molecular length scale,
the continuum hypothesis is no longer valid and the molecu-
lar phenomena cannot be described by deterministic PDEs.39

At such a small length scale, the kinetics of sol-gel polymer-
ization is best modeled by dynamic Monte Carlo (DMC)
simulation. This approach is necessary because of the noni-
deal nature of silane polymerization (which precludes the
use of random branching theory40–42 and even throws into
question the validity of statistical techniques such as the ki-
netic-recursive method20,21). DMC simulations can simulate
much longer times and much larger ensembles than molecu-
lar dynamics simulations,19,43 and they have the potential
flexibility to handle large cycles and cages that are thought
to play a significant role in the structure of sol-gel
silica.19,44,45 The inclusion of these cyclization reactions will
be described in future contributions from our group.

Here, we describe the methodology required to integrate a
DMC model of nonideal, branched polycondensation and a
continuum model of drying. This model extends the 1D con-
tinuum drying/curing model of Cairncross et al.38 by using
the DMC method to predict polymer structure distributions
rather than a statistical recursive approach. We begin by
describing the multiscale model, including the physical
assumptions and the simulation procedure. As part of the
description of the DMC model, the sol-gel silicate kinetics is
reviewed. Details are given about methods to calculate the
conversion, time interval, gel point, and other properties of
the evolving population of silicate oligomers in the DMC
model. In the continuum model, the entire DMC simulation
(containing �2.5 � 106 monomers) is treated as a particle of
sol whose position and composition are tracked using diffu-
sion/evaporation finite difference calculations. Linking the
two models is accomplished by tracking the positions of sol
particles during drying and using concentration of that sol
particle to provide a ‘‘handshake’’ (a common variable
between model components with different scales) between
the continuum calculation and the DMC model. The other
‘‘handshake’’ between the two models comes from using cal-
culated time steps from the DMC model as the time intervals

for the continuum calculation to synchronize both parts of
the simulation method. Here, two specific polycondensation
cases are considered—ideal polymerization and polymeriza-
tion with a first shell substitution effect (FSSE) consistent
with prior NMR experiments. The effects of concentration
gradients during drying are captured by simulating swarms
of particles starting from different positions in the film. By
varying process parameters represented in dimensionless
form with a combination of Biot and Damköhler numbers,
we observe their effects on the competition between drying
and gelation, predict different drying/gelation phenomena,
and predict the occurrence of gradients of concentration and
gelation in the films, which can lead to the formation of a
gel skin near the top surface of the film.

Modeling

Sol-gel silicate kinetics

Under acid-catalyzed conditions, silicon alkoxide molecules
react through hydrolysis and condensation reactions to ulti-
mately produce a homogeneous gel. The functional-group reac-
tions are illustrated by Eqs. 1–346,47 for individual silicon
‘‘sites,’’ which we define to be a silicon atom identified by the
number of alkoxide, hydroxide, and siloxane groups attached.

Hydrolysis:

��Si��ORþ H2O !Kh �Si��OHþ ROH (1)

Water-producing condensation:

��Si��OHþ HO��Si�� ! ��Si��O��Si�� þ H2O (2)

Alcohol-producing condensation:

��Si��ORþ HO��Si�� ! ��Si��O��Si�� þ ROH (3)

In general, the rates of these reactions depend at least on
the identities of the four other moieties attached to the sili-
con atom, which gives rise to a complex kinetic modeling
problem with multiple FSSEs.48 However, experiments have
shown that under acidic conditions, the hydrolysis rate coef-
ficients can be at least an order of magnitude larger than the
condensation rate coefficients, so hydrolysis can be modeled
by assuming that it reaches quasi-equilibrium.49–51 This equi-
librium condition allows one to characterize hydrolysis using
only the average hydrolysis extent v52:

v ¼ ½��SiOH�
½��SiOH� þ ½��SiOR� : (4)

Because hydrolysis equilibrium coefficients are all similar
regardless of substitution, it is possible to regard v as a con-
stant for all silicon sites.51 Also, if the amount of water is
sufficient, v can be regarded as constant with respect to time
as well.49

Based on the fact that there is a strong, negative first shell
substitution effect (FSSE) in the condensation reactions
under acidic conditions,49,53 and by assuming that water-pro-
ducing condensation (Eq. 2) dominates over alcohol-
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producing condensation (Eq. 3),46,47 the set of bimolecular
condensation can be written as:

Qi þ Qj �!
k�ij

Qiþ1 þ Qjþ1 þ H2O; (5)

where Qi represents a tetrafunctional silicon site with i
siloxane bonds (i.e., i represents the number of linkages to
other silicon atoms), and both i and j can vary between 0 and
3.19 Assuming that hydrolysis reaches quasi-equilibrium with
constant v, the rate of reaction in Eq. 5 can be expressed as:

Rbimol
ij ¼ v2ðf � iÞðf � jÞkij½Qi�½Qj�; i 6¼ j

1
2
v2ðf � iÞðf � jÞkij½Qi�½Qj�; i ¼ j

�
(6)

where kij is the rate constant of bimolecular polycondensation
(defined as reactivity per unit of silanol concentration), f is the
functionality of the monomer (which is equal to 4 here), and
[Qi] represents the concentration of silicon sites Qi,

21 which is
defined in the DMC simulation as follows:

½Qi� ¼ NQi

NA � V
; (7)

where NQi
is the number of silicon site Qi, NA is the Avogadro

number (6.022E þ 23 mol�1), and V is the volume of the DMC
simulation.

DMC model

The DMC model is solved based on the following
assumptions: Only a first shell substitution effect for conden-
sation is considered, hydrolysis is assumed to be at quasi-
equilibrium, alcohol-producing condensation is neglected,
and no cyclization is allowed. With this set of assumptions,
a finite set of N monomers (N � 2.5 � 106) is polymerized
in a manner consistent with the kinetics described above by
a continuous-time DMC approach.43,54

In the simulation, each monomer unit is indexed as a sep-
arate entity. We need to record a great deal of information
about the progress of the polycondensation process, such as
the populations of silicon sites with different degrees of con-
densation, molecular tags providing a unique identity for
each molecule, the sizes of molecules, and the molecule
membership of the silicon sites. At each DMC step, two
(SiOH) functional groups react to form one siloxane bond
(SiOSi), and the conversion (a) is increased by a small con-
stant value Da. Because the total number of (SiOH) groups
present at the start of the simulation is four times the num-
ber of silicon sites, Da is given by:

Da ¼ 2

4� N
¼ 1

2N
¼ 2:0� 10�7: (8)

Therefore, the cumulative conversion can be calculated as

a ¼ ½SiOSi�
4½Si� ¼

2� St
4� N

; (9)

where St is the total number of DMC steps and N is the total
number of silicon sites.

At each step, the probabilities Pij of selecting each type of
condensation reaction are evaluated by calculating the rates

of the reactions, and one reaction is chosen to occur. To sim-
plify the calculation, the set of numbers of silicon sites, NQi,
are used rather than [Qi] to give Rbimol�

ij ¼ ðNAVÞ2Rbimol
ij : The

probabilities are normalized using the sum of all reaction rates

(Pij ¼ Rbimol�
ij =

P
j�i

Rbimol�
ij ), and a random number is used to

select the reaction that occurs. This Monte Carlo reaction
selection method ensures the proper competition among reac-
tions.55 After selecting a reaction, the particular sites joined
by the reaction are randomly chosen from the subset of sites
fitting to the required characteristics—In this case, that the
sites have the correct connectivities for the selected reaction.
After the sites are chosen, they are joined with one siloxane
bond and all information is updated. DMC steps are repeated
until a stopping criterion is met based on the desired informa-
tion to be obtained from the model—Usually by the point that
the weight average degree of polymerization DPw (see below)
reaches at most 10% of the total number of sites (N).

In addition to the conversion evolving during each Monte
Carlo step, the time interval43,54 is also calculated according
to the ‘‘continuous time’’ approach initially described by Gil-
lespie. Briefly, this can be derived starting from the expres-
sion for the average rate of change of conversion, da/dt ¼
d
P

i½Qi�=4½Q0�0
� �

/dt. Using the relations [Q0]0 ¼ CSi ¼ con-
stant, d(

P
i½Qi�)/dt ¼ 2

P
Rbimol
ij and assuming that, for a

small increment of a, that da/dt ¼ Da/Dt, one can derive the
following expression based on the approach of Gillespie54:

Dt ¼ CSi

N
P

Rbimol
ij

ln
1

r

� �
¼ N

CSi

P
Rbimol�
ij

ln
1

r

� �
; (10)

where N is the total number of silicon sites, r is a random
number from (0, 1), andCSi is the total silicon site concentration
which comes from the continuum model at the time that the
reaction is selected (see later). This concentration serves as
one link that allows us to correlate the DMC model and the
continuum model in this multiscale process. We will give more
details in the following description of the continuum model.

One of the important results we need to obtain from the
DMC simulation is the gel point. We know that a gel is a
sample-spanning polymer network. In theory, we can use an
infinite molecular weight polymer to represent the gel.20 In
the DMC simulation, the gel point can be estimated by the
point at which DPw appears to begin to diverge (although it
will not truly diverge because of the finite population of
monomers), or even more accurately by a maximum in the
value of rDPw.

19,21 DPw is the weight-averaged degree of
polymerization, and rDPw is the reduced weight-averaged
degree of polymerization, which is calculated by removing
the largest molecule (which after the gel point is the gel
itself) from the population and recalculating DPw.

DPw ¼ 1

N

XNmol

i¼1
LðiÞ2; (11)

rDPw ¼
PNmol

i¼1
LðiÞ2 � ðLmaxÞ2

N � Lmax

; (12)

where Nmol is the number of molecules, L(i) is the size of
molecule with tag i and Lmax is the size of the largest molecule
in the population.
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Here, we will simulate two cases with the DMC model—
An ideal polycondensation case and a FSSE case. In the
ideal polycondensation case, the functional groups are
assumed to react randomly and independently, which means
that all the rate constants are equal to each other and no cy-
clization is allowed to happen. In the FSSE case, we con-
sider nonideal polymerization effects, but still exclude cycli-
zation. The rate coefficients of the FSSE case are set to drop
by 10% across each row in the matrix of bimolecular rate
coefficients used in Eq. 6 and to decrease by 90% down the
diagonal, which resembles the experimental substitution
effect.19 In other words, k01 ¼ 0:9k00, k02 ¼ 0:81k00, etc.,
whereas k11 ¼ 0:1k00, k22 ¼ 0:01k00, etc. In fact, the ideal
case represents a particular case of the FSSE model in which
the set of connectivity-dependent rate coefficients are all set
equal to one another (k00 ¼ k01 ¼ k02 ¼ k11 ¼ k12 ¼ …).

Continuum drying model

Model Assumptions and Description. The loss of solvent
by evaporation from sol-gel thin-film coatings is described
by macroscopic conservation of mass equations. Here we
use a simplified one-dimensional model corresponding to a
rapidly deposited film that begins drying and curing after the
coating process is complete. Solvent leaves continuously by
evaporation at the upper liquid/vapor interface. In addition to
this evaporation, the diffusion of solvent within the film and
the chemical reactions of dissolved species need to be
included in this model. A schematic diagram of the sol-gel
film drying process is presented in Figure 1.

To facilitate the modeling, the following primary assump-
tions are made:

1) The film is extremely thin as compared with the sur-
face area so that concentration variation is assumed to occur
only in the thickness direction.

2) The concentrations of species are uniform throughout
the film at the beginning of the drying process.

3) The solid substrate supporting the thin film is taken
to be impermeable.

4) At the surface of the coating the vapor is in equilib-
rium with the coating, and the pressure in the gas phase is
effectively uniform.

5) The evaporation rate of the solvent from the surface
is proportional to the difference in gas-phase mole fraction
of solvent between the vapor just above the surface of the
film and the bulk gas.

6) The process is isothermal, i.e., heat transfer effects
are not considered here. This is reasonable because of the
slow rate of silica polycondensation but could be corrected
by adding energy conservation equations.25

7) The diffusion coefficients of solvent and sol are
assumed to be constant and equal, and the cross-term diffu-
sion coefficients are set to zero.

8) Hydrolysis is assumed to achieve quasi-equilibrium
before the drying process is started with hydrolysis extent v ¼ 1.

9) Alcohol has already evaporated before the drying
process is started and there is excess water in the solution.
That means we can consider just water as the solvent.

10) The film thickness changes are assumed to be domi-
nated by solvent evaporation so that volume changes due to
reactions can be ignored.

Governing Equations. Based on the above assumptions,
the governing equations for solvent and solute are as fol-
lows:

@C1

@t
� D1

@2C1

@z2
¼ 0 (13)

@C2

@t
� D2

@2C2

@z2
¼ 0 (14)

@QC
i

@t
� DQC

i

@2QC
i

@z2
¼ RQC

i
ði ¼ 0; 1; 2; 3; and 4Þ (15)

where C1 is the concentration of solvent, C2 is the total
silicon concentration, QC

i is the concentration of a tetrafunc-
tional silicon site with i siloxane bonds in the continuum
model. The relationship between C2 and QC

i is
C2 ¼

P4
i¼0 Q

C
i . RQC

i
is the net rate for creation of each type

of site through reaction.

RQC
i
¼

X3
j¼0

Rði�1Þj �
X3
j¼0

Rijði ¼ 0; 1; 2; 3; and 4Þ (16)

where Rij is the bimolecular reaction rate between sites Qi and
Qj given by Eq. 6.

Initial conditions in this formulation are as follows:

C1ð0; zÞ ¼ C1;0; C2ð0; zÞ ¼ C2;0;

QC
i ð0; zÞ ¼ QC

i;0ði ¼ 0; 1; 2; 3; and 4Þ: ð17Þ

Consistent with the description of the film model
described above, the boundary conditions are given by:

At the substrate (z ¼ 0):

Di
@Ci

@z
¼ 0 ði ¼ 1; 2Þ (18)

DQC
i

@QC
i

@z
¼ 0 ði ¼ 0; 1; 2; 3; and 4Þ (19)

Figure 1. Schematic of the 1-D drying model of sol-gel
silica.

The z direction is defined to be perpendicular to the drying
film. The initial thickness of the film is H0, and during the
drying process, the instantaneous thickness is H(t). The
entire DMC simulation (containing millions of monomers)
is treated as a particle of sol whose position and composi-
tion are tracked using a diffusion/evaporation finite differ-
ence calculation.
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At the free surface (z ¼ h(t)):

� D1

@C1

@z
� C1

dHðtÞ
dt
¼ kgðys1 � y11 Þ (20)

@C2

@z
¼ � V̂1

V̂2

@C1

@z
(21)

@QC
i

@z
¼ QC

i

C2

@C2

@z
(22)

The effect of boundary motion due to solvent evaporation is
taken into account using the term

dHðtÞ
dt .56 In Eq. 20, kg is the

mass transfer coefficient of solvent in the vapor phase, ys1 is the
molar fraction of solvent at the surface in the gas phase (which
is calculated based on Raoult’s law), and y11 is the molar frac-
tion of solvent far away in the gas, which is set to zero here.
Equation 21 was derived from the relation C1V̂1 þ C2V̂2 ¼ 1,
where V̂i is the molar volume, and V̂2 ¼ 1�C1;0V̂1

C2;0
. Equation 22

is obtained by recognizing that the probability that a Si atom in
the solute mixture is associated with a QC

i site is given by
QC

i =C2. Using this relationship, the diffusion term for QC
i can

also be substituted into Eq. 15 as follows:

DQC
i

@2QC
i

@z2
¼ QC

i

C2

D2

@2C2

@z2
; (23)

and so

@QC
i

@t
� QC

i

C2

D2

@2C2

@z2
¼ RQC

i
: (24)

Because only solvent is assumed to evaporate, the rate of
change of film thickness, also known as the surface velocity
vs, can be calculated according to the following expression:

dHðtÞ
dt
¼ vs ¼ �V̂1kgðys1 � y11 Þ: (25)

To confirm the accuracy of our multiscale implementation,
we can write balance equations for reactive silanol species. For
ideal polycondensation, the model can be simplified because the
condensation rate constants are all equal. Therefore we can use
independent functional group kinetics,38 in which the hydro-
lyzed functional group (SiOH) is the only species that partici-
pates in the condensation reaction. If we use C3 to denote the
concentration of (SiOH), then based on the fact that one Si atom
is associated with 4ð1� aÞ (SiOH) functional groups where a ¼
the siloxane bond conversion, we write the conservation equa-
tion, initial and boundary conditions for C3 as follows:

@C3

@t
� 4ð1� aÞD2

@2C2

@z2
¼ �k00C2

3: (26)

Initial conditions:

C3ð0; zÞ ¼ C3;0 ¼ 4C2;0 (27)

Boundary conditions:

At substrate ðz ¼ 0Þ : D3

@C3

@z
¼ 0 (28)

At free surface (z ¼ H(t)):

@C3

@z
¼ �4ð1� aÞ V̂1

V̂2

@C1

@z
ð29Þ (29)

Dimensionless Variables and Simulation Procedure. The
following dimensionless variables are defined to solve the
transport equations numerically:

g ¼ z=HðtÞ; h ¼ HðtÞ=H0; ci ¼ Ci=C1;0;

qi ¼ QC
i =C0; s ¼ D1

H2
0

t: ð30Þ

Using the dimensionless variable g, the region in which
diffusion occurs is always from g ¼ 0 to g ¼ 1. In other
words, the physical moving domain is mapped onto a fixed
domain, and we do not need to modify the spatial grid dur-
ing the simulation. Meanwhile, a pseudoconvective term is
produced by this Landau transformation57 in the diffusion
equation.56 For example, the dimensionless form of the equa-
tion for the solvent now is

@c1
@s
� g
h
� dh

ds
� @c1

@g
� 1

h2
@2c1
@g2
¼ 0: (31)

We can see that this pseudoconvective term is propor-
tional to the free surface velocity dh

ds .
This set of dimensionless equations is numerically solved

using the explicit centered finite difference method (FDM).
We discretize the whole domain into a number of thin slices,
each with a fixed thickness D g (here D g ¼ 0.04). For the
solution, the time interval Dt is equal to the time interval
between reactions estimated from the DMC simulation,
which is on the order of 10�9 to 10�11. The stability of the
FDM for partial differential equations can be evaluated from
the ratio Dt/(Dg)2, which in our case is on the order of 10�6

to 10�8. This value is much smaller than the value required
for numerical stability, which is 0.5. Therefore, using time
intervals from the DMC model is feasible and ensures the
stability of our continuum model. As mentioned above, this
time interval from the DMC model serves as one ‘‘hand-
shake’’ with the continuum model. At each finite difference
step, we use the concentrations, film thickness, surface ve-
locity, and Robin boundary condition at the surface from the
previous time step to complete the calculation.

Tracking a Sol Particle. As we mentioned before, the
entire DMC simulation is treated as a particle of sol whose
position and composition are tracked in the continuum model
(as shown in Figure 1), which provides an important link
between the components of our multiscale model. We per-
form the tracking using linear interpolation. Similar to the
film thickness calculation Eq. 25, the change of particle posi-
tion Hp(t) can be expressed as follows:

dHpðtÞ
dt

¼ V̂1 � D1

@C1

@z

����
Hp

: (32)

From the value of particle position at the previous step of
the calculation, we can determine the finite difference slice
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where the particle is located. Then we are able to estimate
the approximate value of concentration gradient in that inter-
val (between slice (m � 1) and slice m, Eq. 33) and continue
to calculate the composition (Eq. 34) and position (Eq. 35)
of the particle (expressed in dimensionless form):

@ci
@g
� ci;m � ci;ðm�1Þ

Dg
;

@qi
@g
� qi;m � qi;ðm�1Þ

Dg
; (33)

cpi ¼ ci;m � @ci
@g
� ðm� Dg� hpÞ;

cqi ¼ qi;m � @qi
@g
� ðm� Dg� hpÞ; ð34Þ

hpðtþ 1Þ ¼ hpðtÞ þ ds� 1

h2
� @c1

@g
� C1;0V̂1; (35)

where cpi (i ¼ 1, 2, or 3) is the dimensionless concentration of
solvent, total silicon sites or (SiOH) groups at the particle
position, and cqi is the dimensionless concentration of silicon
sites with i siloxane bonds at the particle position. Using the
calculated concentrations within this tracked particle (Eq. 34),
we can then determine the conversion and total silicon site
concentration in the continuum model (Eqs. 36–40). This total
silicon site concentration Csi provided by the continuum model
is then supplied to the DMC routine to choose the next
reaction and calculate the time interval of the next DMC step
(Eq. 10), which is the second ‘‘handshake’’ between the
continuum model and the DMC model. The equations we use
to calculate conversion and overall silicon concentration from
the integrated concentrations for the two polymerization cases
are presented below:

Ideal case : a ¼ 1� cp3
4� cp2

; CSi ¼ cp2 � C1;0 (36)

FSSE case :

a ¼ cq1 þ 2� cq2 þ 3� cq3 þ 4� cq4 ; ðreacted ½SiOH�Þ ð37Þ
b ¼ 4� cq0 þ 3� cq1 þ 2� cq2 þ cq3 ; ðremaining ½SiOH�Þ

(38)

CSi ¼ cp2 � C1;0 ¼ ðaþ bÞ � C1;0=4; (39)

a ¼ 1� b

4� cp2
¼ a

4� cp2
¼ a

aþ b
: (40)

Using these expressions, we can compare the conversions
and site distributions (for the FSSE case) with those obtained
from the DMC model to validate the implementation of this
multiscale model. Note that the DMC model still contains a
significant amount of information about the polymer struc-
ture distribution that is not available from a continuum
kinetics approach.

Results and Discussion

The modeling equations described above were used to per-
form calculations for varying initial sol positions and process
parameters using with a set of PCs with AMD Athlon pro-
cessors. In our modeling, we focus on the effects of two im-
portant dimensionless parameters, Bi and Da (Eq. 41) to

understand how process parameters affect the evolution of
sol-gel silica films. Bi is the Biot number, which is the ratio
of external mass transfer resistance to the internal diffusion
resistance, and can be thought of as a dimensionless mass
transfer time. Da is the Damköhler number, which is the ra-
tio of reaction rate to diffusion rate, and can be thought of
as a dimensionless reaction time. In the FSSE case, we have
different rate coefficients, but we use the first reaction rate
coefficient k00 as the reference to define the Damköhler num-
ber. For a negative FSSE (considered here) k00 is the largest
rate coefficient.

Bi ¼ kgH0V̂1

D1

; Da ¼ k00C1;0H
2
0

D1

: (41)

Note that in the DMC simultation, a natural dimensionless
time scale is given by t* ¼ k00CSi,0t, so the FDM and DMC
time scales can be related by t*/s ¼ Da(CSi,0/C1,0). The ratio
of initial concentration used here is C1.0 : C2.0 ¼ 4:1, and
the value of solvent molar volume is arbitrarily set to 0.1.

Solvent concentration profile

Figure 2 displays an example of the time-dependent sol-
vent concentration profile in the films which is calculated by
the continuum model for the FSSE case. The red curve with
points shows the change of the tracked sol particle position
for this example. As expected, the film thickness, solvent
concentration and particle position all drop as the gel film
dries. This suggests that the transport equations are being
correctly handled. Simplified cases of the transport with
boundary conditions amenable to symbolic solutions (for
instance, drying without reaction and with constant rate of
evaporation at the free surface) were also tested and found
to agree well with the numerical solutions, thus confirming
the accuracy of our implementation of the finite difference
method.

Figure 2. Time-dependent solvent concentration profile
for the FSSE case calculated with Bi 5
506.625, Da 5 40, H0 5 1.0, and Hp0

5 0.8H0.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Conversion and site distribution

Because we can calculate the conversion and site distribu-
tions (for the FSSE case) as functions of time using contin-
uum equations in addition to the DMC model, the validity of
this multiscale model is tested by comparing the continuum
results to the DMC results, as presented for two examples in
Figures 3 and 4. In both cases shown, the results are termi-
nated shortly after a gel forms (indicated by either the appa-
rent divergence of DPw or a peak in rDPw, as discussed ear-
lier). The ability to validate the DMC approach is one of the
advantages of developing the multiscale model for relatively
simple polymerization kinetics. For both ideal and FSSE
cases, the conversions calculated by the two methods agree
exactly, as shown in Figures 3 and 4. In addition, the site
distributions calculated by the continuum and DMC methods
for the FSSE case agree well, as shown in Figure 5. The
good agreement found between the continuum kinetics and
the DMC results prove the validity of our implementation of
the coupled DMC/continuum method. In addition, this set of
figures shows that, as expected, because the rate coefficients

drop in the FSSE case, the rate of the condensation reactions
decreases significantly compared with the ideal case, and
because of the structure of the resulting polymers, gelation
occurs at a larger conversion and therefore at a much later
time.

Competition between drying and gelation

There are three main types of qualitative drying and gela-
tion phenomena in the drying process of a sol-gel film, as
originally defined by Cairncross et al.38: Drying before gela-
tion, gelation before drying and literal skinning. Literal skin-
ning means that, when the film surface has formed a solid
gel network, the solution inside the film is still liquid, which
may lead to coating defects such as wrinkling and possibly
cracking.38 The competition between drying and gelation
determines the type of phenomenon, and this competition is
dictated by the values of Biot number and Damköhler num-
ber. We define these three types of phenomena by comparing
the values of gel time with drying time, according to the def-
initions of Cairncross et al.38 The gel time is the time at
which the DMC simulation of the sol particle reaches the
gel point (see later). The drying time is calculated by inte-
grating the solvent content throughout the coating and find-
ing the point at which only 1% of the initial solvent content
is left.38 The definitions of the three types of phenomena are
as follows:
• drying before gelation: dry t\gel tb,
• gelation before drying: gel tb\10%� dry t,
• literal skinning: gel tb�gel ts

dry t � 0:1,
where dry_t denotes the drying time, gel_tb is the gel time
at the base of the coating, and gel_ts is the gel time at the
coating surface. The gel time varies throughout the film
because of concentration gradients due to the solvent evapo-
ration, an example of which is illustrated in Figure 2.

Figure 6 displays the DMC-generated values of DPw as a
function of time for tracked particles starting from different
positions in the film and for one particular set of process pa-
rameters (Bi ¼ 1013.25 and Da ¼ 0.4). It is obvious that
DPw increases much more quickly at the film surface than
inside the film, and that means there is a time lag of gelation
between the film surface and base. At any point in the film,

Figure 3. Comparison of the conversion predicted by
both the DMC and continuum models for the
ideal case.

Bi ¼ 1013.25, Da ¼ 2.0, and Hp0 ¼ 0.9H0.

Figure 4. Comparison of the conversion predicted by
both the DMC and continuum models for the
FSSE case.

Bi ¼ 506.625, Da ¼ 40, and Hp0 ¼ 0.8H0.

Figure 5. Site distributions predicted by both the DMC
and continuum models for the FSSE case.

Bi ¼ 506.625, Da ¼ 40, and Hp0 ¼ 0.8H0.
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gelation is defined by the point where DPw appears to
diverge (as discussed above).

The effects of process parameters Bi and Da on the gela-
tion and drying time for the ideal and FSSE cases are illus-
trated with examples in Figures 7 and 8. Figure 7 shows the
effect of varying Da number with constant Bi (equal to
1013.25) in the ideal case. In this case, the drying time
remains constant and gel time drops considerably as Da
increases. At this high Bi, drying before gelation, literal
skinning and gelation before drying appears in turn with
increasing reaction rates, which means that the type of phe-
nomenon depend only on Da when the value of Bi is high.

Figure 8 shows another representative result: the gelation
and drying times at various Bi values for the FSSE case.
With constant Da ¼ 4.0, gelation is always faster than dry-
ing. At low Bi (Bi 	 10), the difference of the gel time
between the coating surface and base of the film is so small
that we conclude that the coating gels uniformly. However,

the gel time lag between surface and base increases with
increasing Bi, and literal skinning is predicted to occur when
Bi is equal to or larger than 300 for the FSSE polycondensa-
tion results illustrated in Figure 8.

Gelation regime maps

One could continue generating curves analogous to Fig-
ures 7 and 8 for other cases, but the competition between
drying and gelation as a function Bi and Da can be most
clearly visualized using gelation regime maps, which define
the boundaries between gelation before drying, drying before
gelation, and literal skinning.38 Figures 9 and 10 present
these maps determined by our multiscale DMC/finite differ-
ence modeling for the ideal and FSSE cases, respectively.
The curves in the figures are the approximate boundaries
between regions (as defined earlier) and the points are the
exact conditions at which transitions between phenomenon
types were observed,38 averaged over five repeated simula-
tions. At low Da, the coating dries before it gels and at high

Figure 6. DPw as a function of time for tracked sol par-
ticle starting at different positions in the film
for the ideal literal skinning case.

Bi ¼ 1013.25 and Da ¼ 0.4.

Figure 7. Gelation and drying times as a function of Da
for the ideal case with constant Bi 5 1013.25.

Dependence of the type of coating phenomenon on Da is
indicated.

Figure 8. Gelation and drying times as a function of Bi
for the FSSE case with constant Da 5 4.0.

When Bi � 300, literal skinning occurs in this set of simu-
lations.

Figure 9. Gelation regime map for the ideal polycon-
densation case.

Points are the average values of five repeated simulations.
Dashed lines are the approximate boundaries of each region.
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Da, the gelation reaction rates are much quicker than the
drying rate. With high Bi, literal skinning occurs between
the regions of ‘‘drying before gelation’’ and ‘‘gelation before
drying’’. The maps are similar for the ideal and FSSE cases,
except that with FSSE, all three regions are shifted towards
higher Da. These results are consistent with the findings of
Cairncross et al.,38 but they used an approximate kinetic-
recursive model with reduced accuracy for FSSE modeling.
There are also quantitative differences in the positions of the
boundaries in the FSSE case because a different matrix of
rate coefficients was assumed. Although the kinetic-recursive
model can be solved much more quickly than the DMC
model, discrepancies appear for certain cases of strong
FSSE,21 and a statistical approach is not capable of correctly
modeling the high degree of cyclization found in real sol-gel
polymerization19,22,45 (to be discussed in future contributions
from our group).

Relationship between gel time and initial
particle position

To gain more insight into the effects of the FSSE on film
uniformity, we further investigate the relationship between
gel time and initial particle position for the three qualitative
types of sol-gel coating phenomena, as shown in Figures 11
and 12. Representative points from the gelation regime maps
are shown. According to the maps, we can observe all three
types of phenomena by setting Bi to a high value and vary-
ing Da. In order to compare these three types phenomena
easily, all of the gel time values are normalized by the one
at the surface. With fixed Bi, gel times are, of course, lon-
gest when ‘‘drying before gelation’’ is found and smallest
when ‘‘gelation before drying’’ is found. The multiscale
model predicts that the gel time gradient is much more
severe when ‘‘gelation before drying’’ is observed than with
‘‘drying before gelation’’. This suggests that, when the coat-
ing dries completely as a liquid (drying before gelation) the
gel time lag is small and defects are not likely to appear due
to formation of a gel layer at the film surface, and when the
coating gels before it is dry, the difference of gel time is

more visible and likely to induce defects. Regardless of the
rate of drying, drying before gelation is best achieved by
reducing the rate of condensation relative to the rate of dif-
fusion of solvent. In sol–gel systems, this can be accom-
plished by working near the minimum condensation rate
which occurs at a pH of �2.18 Gel times for the FSSE case
simulations are longer than those of ideal case, indicating
again that gelation is delayed compared with the ideal case,
as we mentioned earlier. Also, the gradients in gel time are
more severe with a negative FSSE than those found in the
ideal case, suggesting that nonideal polymerization may wor-
sen the formation of coating defects in sol–gel systems.

Figure 10. Gelation regime map for the FSSE polycon-
densation case.

Points are the average values of five repeated simulations.
Dashed lines are the approximate boundaries of each
region.

Figure 11. Normalized gel time as a function of initial
particle position of the sol calculated by our
multiscale model for the ideal case with Bi
5 1013.25.

Points are the average values of five repeated simulations.
The gel time is normalized by the value at the surface.
For Drying before gelation, Da ¼ 0.06 and gel_ts ¼
0.506; Literal skinning, Da ¼ 0.4 and gel_ts ¼ 0.0765;
Gelation before drying, Da ¼ 2.0 and gel_ts ¼ 0.0156.

Figure 12. Normalized gel time as a function of initial
particle position of the sol calculated by our
multiscale model for the FSSE case with Bi
5 506.625.

Points are the average values of five repeated simulations.
The gel time is normalized by the value at the surface.
For Drying before gelation, Da ¼ 0.4 and gel_ts ¼ 47.9;
Literal skinning, Da ¼ 4.0 and gel_ts ¼ 4.97; Gelation
before drying, Da ¼ 40.0 and gel_ts ¼ 0.514.
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Conclusions

The proposed multiscale model for the drying process of
sol-gel coatings couples molecular to macroscopic phenom-
ena by combining dynamic Monte Carlo simulations and the
finite difference method. For the (relatively) simple cases
studied here, continuum equations are formulated for the
overall extents of reaction, and the results agree well with
the multiscale DMC/FDM model. In the continuum model,
the entire DMC simulation is treated as a particle of sol
whose position and composition are tracked using a diffu-
sion/evaporation finite difference calculation. Therefore, the
total silicon concentration provided by the continuum model
serves as one ‘‘handshake’’ with the DMC model. The sec-
ond ‘‘handshake’’ between the models is the time interval
from the DMC simulation, which is also used as the time
interval for the continuum model. By simulating swarms of
particles starting from different positions in the film, we
observe the effects of varying process parameters on the
competition between drying and gelation, thereby predicting
different drying/gelation phenomena and the occurrence of
gradients of concentration and gelation in the films. Condi-
tions are found which can lead to the formation of a gel skin
near the top surface of the film for both ideal polycondensa-
tion and a FSSE consistent with NMR studies of silane poly-
condensation.

The establishment of this multiscale model approach is
our first step to building a more physically accurate model
of the sol-gel coating processes with drying and curing. Fur-
ther work is needed to improve the realism of the polymer-
ization model, the most important and obvious aspect of
which is to add cyclization to the model19,22 and see its
effects on gelation regime maps and structural gradients. We
expect that refining the polymerization model within the
context of this multiscale simulation approach will allow
better prediction of the formation of structure gradients in
sol-gel derived ceramics and other nonideal multifunctional
polycondensation products, which will help in developing
coating procedures to reduce coating defects.
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Notation

Bi ¼ Biot number
C ¼ concentration
c ¼ dimensionless concentration
cp ¼ dimensionless concentration at the particle position
cq ¼ dimensionless concentration of silicon site at the

particle position
D ¼ diffusion coefficient

Da ¼ Damköhler number
DPw ¼ the weight-averaged degree of polymerization
dry_t ¼ the drying time

dt ¼ time interval in FDM
f ¼ the functionality of the monomer

gel_tb ¼ the gel time at the coating base
gel_ts ¼ the gel time at the coating surface

h ¼ the dimensionless film thickness
hp ¼ the dimensionless particle position

H(t) ¼ the instantaneous film thickness
Hp ¼ the particle/sol position in the film

H0 ¼ the initial film thickness
i ¼ number of siloxane bonds
j ¼ number of siloxane bonds

kij ¼ the rate constant of bimolecular polycondensation
kg ¼ mass transfer coefficient of solvent
L ¼ molecules size

Lmax ¼ the size of the largest molecule in the population
N ¼ the total numbers of sites considered in DMC

simulation
NA ¼ the Avogadro number (6.022E þ 23 mol�1)

Nmol ¼ the number of molecules
NQi
¼ the number of silicon sites Qi

Pij ¼ the probabilities of condensation reactions
Qi ¼ the tetrafunctional silicon site with i siloxane bonds
QC

i ¼ the concentration of a tetrafunctional silicon site with i
siloxane bonds in the continuum model

qi ¼ dimensionless concentration of QC
i species in the

continuum model
r ¼ the random number from (0, 1)

rDPw ¼ the reduced weight-averaged degree of polymerization
Rbimol
ij ¼ the reaction rate of bimolecular reaction
RC
Q ¼ the net rate for creation of each type of site through

reaction in the continuum model
St ¼ the total number of DMC steps
Dt ¼ time interval calculated by MC method
V ¼ the volume of the DMC simulation
vs ¼ the free surface velocity
V̂ ¼ molar volume
ys1 ¼ the molar fraction of solvent at the surface in the gas

phase
y11 ¼ the molar fraction of solvent far away in the gas phase
z ¼ distance from the bottom
a ¼ conversion
g ¼ dimensionless distance from the coating bottom
s ¼ dimensionless time
v ¼ hydrolysis extent

Subscripts

With C: 0 ¼ initial concentration
1 ¼ solvent
2 ¼ total silicon
3 ¼ (SiOH) functional group

With QC/q: i ¼ number of siloxane bonds attached to the silicon site
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22. Šefčlk J, Rankin SE. Monte Carlo simulations of size and structure
of gel precursors in silica polycondensation. J Phys Chem B.
2003;107:52–60.

23. Cerro RL, Scriven LE. Rapid free surface film flows. An integral
approach. Ind Eng Chem Fundam. 1980;19:40–50.

24. Cairncross RA. Modeling drying during low-speed coating of porous
and continuous films. IS&T’s Annu Conf. 1997;50:554–558.

25. Verros GD, Malamataris NA. Finite element analysis of polymeric
membrane and coating formation by solvent evaporation. Comput
Mechan. 2001;27:332–340.
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